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ABSTRACT
We construct the universal Mumford curve as a family of Mumford curves over a formal
neighborhood of the locus of degenerated curves in the moduli space over Z of stable
pointed curves. Furthermore, we study periods of abelian differentials and unipotent
periods for the universal Mumford curve by describing their explicit and variational
formulas.
1. Introduction
As an analog of the Schottky uniformization theory of Riemann surfaces [41], Mum-
ford [33] established a uniformization theory for Mumford curves which are defined as
stable curves over noetherian and complete local rings whose special fibers are degen-
erate, i.e., consisting of projective lines. There were many researches on this subject,
and in recent works of Ulirsch [42] and Poineau-Turchetti [39], by using tropical ge-
ometry and Berovich geometry over Z [37, 38], a universal Mumford curve was given
unifying Riemann surfaces and Mumford curves over p-adic rings. Considering the
Raynaud correspondence [40] between formal geometry and rigid analytic geometry,
one can propose the problem of constructing such a curve in the category of formal
geometry over Z.
The aim of this paper is to give a solution of this problem and its applications
in the category of arithmetic formal geometry over Z. In other words, we consider
the universal Mumford curve defined on a formal scheme over Z which gives rise to
analytic families of Riemann surfaces, and study this curve by interaction between
complex geometry, formal geometry and p-adic geometry. More precisely, the universal
Mumford curve is constructed over the formal neighborhood of the locus of degenerated
curves in the moduli space over Z of stable pointed curves. Furthermore, this formal
neighborhood gives also a neighborhood of the locus of degenerate curves in complex




pointed curves over C. By our approach, one obtain computable local coordinates
around this locus by which in [21, 24, 25, 26], we determined Teichmüller modular
forms and their variants with arithmetic origin, and in this paper, we obtain explicit
and variational formulas of periods of abelian differentials and unipotent periods for
the universal Mumford curve.
The organization of this paper is as follows.
In Sections 2 and 3, we construct the universal Mumford curve using the theory of
generalized Tate curves [21] which are universal families of curves with given degener-
ation data, and become Schottky uniformized Riemann surfaces and Mumford curves
by specializing moduli and deformation parameters. By extending results of [22, 23] on
the construction of Teichmüller groupoids with application to the Teichmüller’s lego
game of Grothendieck [17] (see also [32, 2, 3, 36]), we obtain the universal Mumford
curve by gluing generalized Tate curves comparing the associated parameters.
In Section 4, extending results of Bainbridge-Möller [1] and Hu-Norton [19], we give
explicit and variational formulas of abelian differentials and their integrals defined
on the universal Mumford curve called universal differentials and universal periods
respectively which was partly used in the p-adic soliton theory in [20]. Especially, we
show that universal differentials are stable, namely they have only logarithmic poles on
the special fiber. Furthermore, we describe the period isomorphism between the Betti
and de Rham cohomology groups, and the associated Gauss-Manin connection on the
universal Mumford curve. This description unifies the classical formulas for Riemann
surfaces, and results of Gerritzen [16] and de Shalit [11, 12] for p-adic Mumford curves
using Coleman integration [6, 7].
In Section 5, we study (nonabelian) unipotent periods of the universal Mumford
curve using the KZ equation [13] and its elliptic extension [5, 18, 30]. We give a van-
Kampen type construction of the universal KZB connection for the generalized Tate
curve associated with a certain lollipop graph, and show that this connection can be
extended to the whole universal Mumford curve. Therefore, we obtain its universal
unipotent periods which give isomorphisms between Betti and de Rham tannakian fun-
damental groups for families of Riemann surfaces. As its application to the theory of
mixed Tate motives (cf. [9]), we show that the limits of unipotent periods of degen-
erating curves are expressed by multiple zeta values which extends results of Brown
[4] and Hain [18] in the case of genus ≤ 1. We note that our results will be extended
to a motivic theory for the fundamental group of the universal Mumford curve which
also generalizes Nakamura’s results [35] in the l-adic (étale) side, and Furusho’s results
[14, 15] in the p-adic side.
2. Generalized Tate curve
2.1. Schottky uniformization
A Schottky group Γ of rank g is defined as a free group with generators γi ∈
PGL2(C) (1 ≤ i ≤ g) which map Jordan curves Ci ⊂ P1C = C ∪ {∞} to other Jordan
2
curves C−i ⊂ P1C with orientation reversed, where C±1, ..., C±g with their interiors are
mutually disjoint. Each element γ ∈ Γ− {1} is conjugate to an element of PGL2(C)











C called the attractive, repulsive fixed points of γ respec-
tively. Then the discontinuity set ΩΓ ⊂ P1C under the action of Γ has a fundamental do-
main DΓ which is given by the complement of the union of the interiors of C±1, ..., C±g.
The quotient space RΓ = ΩΓ/Γ is a (compact) Riemann surface of genus g which is
called Schottky uniformized by Γ (cf. [41]). Furthermore, by a result of Koebe, every
Riemann surface of genus g can be represented in this manner.
2.2. Generalized Tate curve
A (pointed) curve is called degenerate if it is a stable (pointed) curve and the
normalization of its irreducible components are all projective (pointed) lines. Then
the dual graph ∆ = (V,E, T ) of a stable pointed curve is a collection of 3 finite sets V
of vertices, E of edges, T of tails and 2 boundary maps
b : T → V, b : E −→ (V ∪ {unordered pairs of elements of V })
such that the geometric realization of ∆ is connected and that ∆ is stable, namely
its each vertex has at least 3 branches. The number of elements of a finite set X is
denoted by ♯X, and a (connected) stable graph ∆ = (V,E, T ) is called of (g, n)-type if
rankZH1(∆,Z) = g, ♯T = n. Then under fixing a bijection ν : T
∼→ {1, ..., n}, which we
call a numbering of T , ∆ = (V,E, T ) becomes the dual graph of a degenerate n-pointed
curve of genus g such that each tail h ∈ T corresponds to the ν(h)th marked point. In
particular, a stable graph without tail is the dual graph of a degenerate (unpointed)
curve by this correspondence. If ∆ is trivalent, i.e. any vertex of ∆ has just 3 branches,
then a degenerate ♯T -pointed curve with dual graph ∆ is maximally degenerate. An
orientation of a stable graph ∆ = (V,E, T ) means giving an orientation of each e ∈ E.
Under an orientation of ∆, denote by ±E = {e,−e | e ∈ E} the set of oriented edges,
and by vh the terminal vertex of h ∈ ±E (resp. the boundary vertex of h ∈ T ). For
each h ∈ ±E, denote by let |h| ∈ E be the edge h without orientation.
Let ∆ = (V,E, T ) be a stable graph. Fix an orientation of ∆, and take a subset E
of ±E ∪ T whose complement E∞ satisfies the condition that
±E ∩ E∞ ∩ {−h | h ∈ E∞} = ∅,
and that vh 6= vh′ for any distinct h, h′ ∈ E∞. We attach variables xh for h ∈ E and
ye = y−e for e ∈ E. Let R∆ be the Z-algebra generated by xh (h ∈ E), 1/(xe − x−e)
(e,−e ∈ E) and 1/(xh − xh′) (h, h′ ∈ E with h 6= h′ and vh = vh′), and let








According to [21, Section 2], we construct the universal Schottky group Γ associated



























where xh (resp. x−h) means ∞ if h (resp. −h) belongs to E∞. This gives an element
of PGL2(B∆) = GL2(B∆)/B
×







where PGL2 acts on P
1 by linear fractional transformation.
For any reduced path ρ = h(1) · h(2) · · · h(l) which is the product of oriented edges
h(1), ..., h(l) such that vh(i) = v−h(i+1), one can associate an element ρ
∗ of PGL2(B∆)
having reduced expression φh(l)φh(l−1) · · ·φh(1). Fix a base vertex vb of V , and consider
the fundamental group π1(∆, vb) which is a free group of rank g = rankZH1(∆,Z).
Then the correspondence ρ 7→ ρ∗ gives an injective anti-homomorphism π1(∆, vb) →
PGL2(B∆) whose image is denoted by Γ∆.
It is shown in [21, Section 3] and [22, 1.4] (see also [27, Section 2] when ∆ is
trivalent and has no loop) that for any stable graph ∆, there exists a stable pointed
curve C∆ of genus g over A∆ which satisfies the following properties:
(P1) The closed fiber C∆ ⊗A∆ R∆ of C∆ obtained by substituting ye = 0 (e ∈ E)
becomes the degenerate pointed curve over R∆ with dual graph ∆ which is
obtained from the collection of Pv := P
1
R∆
(v ∈ V ) by identifying the points
xe ∈ Pve and x−e ∈ Pv−e (e ∈ E), where xh denotes ∞ if h ∈ E∞.
(P2) C∆ gives rise to a universal deformation of degenerate pointed curves with dual
graph ∆. More precisely, C∆ satisfies the following: For a noetherian and normal
complete local ring R with residue field k, let C be a pointed Mumford curve
over R, namely a stable pointed curve over R with nonsingular generic fiber such
that the closed fiber C ⊗R k is a degenerate pointed curve with dual graph ∆,
in which all double points and marked points are k-rational. Then there exists a
ring homomorphism A∆ → R giving C∆ ⊗A∆ R ∼= C.
(P3) C∆ ⊗A∆ B∆ is smooth over B∆ and is Mumford uniformized (cf. [33]) by Γ.
(P4) Take xh (h ∈ E) as complex numbers such that xe 6= x−e and that xh 6= xh′
if h 6= h′ and vh = vh′ , and take ye (e ∈ E) as sufficiently small nonzero com-
plex numbers. Then C∆ becomes a pointed Riemann surface which is Schottky
uniformized by the Schottky group Γ over C obtained from Γ∆.
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We review the construction of C∆ given in [21, Theorem 3.5]. Let T∆ be the tree
obtained as the universal cover of ∆, and denote by PT∆ be the formal scheme as the
union of P1A∆’s indexed by vertices of T∆ under the B∆-isomorphism by φe (e ∈ E).
Then it is shown in [21, Theorem 3.5] that C∆ is the formal scheme theoretic quotient
of PT∆ by Γ∆.
3. Universal Mumford curve
3.1. Comparison of deformations
Let ∆ = (V,E, T ) be a stable graph which is not trivalent. Then there exists a
vertex v0 ∈ V which has at least 4 branches. Take two elements h1, h2 of ±E ∪T such
that h1 6= h2 and vh1 = vh2 = v0, and let ∆′ = (V ′, E′, T ′) be a stable graph obtained
from ∆ by replacing v0 with an oriented (nonloop) edge h0 such that vh1 = vh2 = vh0
and that vh = v−h0 for any h ∈ ±E ∪ T − {h1, h2} with vh = v0. Put ei = |hi| for
i = 0, 1, 2. Then we have the following identifications:
V = V ′ − {v−h0} (in which v0 = vh0), E = E′ − {e0}, T = T ′.
Theorem 3.1.
(1) The generalized Tate curves C∆ and C∆′ associated with ∆ and ∆
′ respectively






(i = 1, 2 with hi 6∈ T ),
ye
se
(e ∈ E − {e1, e2})
belong to (A∆′)








× if h1 = −h2.
(2) The assertion (1) holds in the category of complex geometry when xh1 − xh2 , ye
and se are taken to be sufficiently small complex numbers.
Proof. Since the assertion (2) follows from (1) and the property (P4) of generalized
Tate curves in 2.2, we prove (1) when ∆ has no tail from which this assertion in general
case follows. Over a certain open subset of
{
(xh, ye) ∈ C±E ×CE
}
with sufficiently
small absolute values |xh1 − xh2 | and |ye|, C∆ gives a deformation of the degenerate
curve with dual graph ∆′. Hence by the universality of generalized Tate curves, there
exists an injective homomorphism
(∗) (R∆ ⊗ C)[[ye (e ∈ E)]] →֒ (R∆′ ⊗ C)((s0))[[se (e ∈ E)]]
which induces an isomorphism C∆ ∼= C∆′ such that the degenerations of C∆ given
by xh1 − xh2 → 0 and ye → 0 (e ∈ E) correspond to those of C∆′ given by se0 → 0
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and se → 0 respectively. Since these two curves are Mumford uniformized, a result of
Mumford (cf. [33, Corollary 4.11]) implies that the uniformizing groups Γ∆ and Γ∆′ of
C∆ and C∆′ respectively are conjugate over the quotient field of (R∆′ ⊗C)((s0))[[se]].
Denote by ι : Γ∆
∼→ Γ∆′ the isomorphism defined by this conjugation. Since eigenvalues
are invariant under conjugation and the cross ratio
[a, b; c, d] =
(a− c)(b− d)
(a− d)(b− c)
of 4 points a, b, c, d is invariant under linear fractional transformation, one can see the
following:
(A) For any γ ∈ Γ∆, the multiplier of γ is equal to that of ι(γ) via the injection
(∗).
(B) For any γi ∈ Γ∆ (1 ≤ i ≤ 4), the cross ratio [a1, a2; a3, a4] of the attractive
fixed points ai of γi is equal to that of ι(γi) via the injection (∗).
We consider the case that h1 6= −h2. Put
A1 = R∆
[[
xh1 − xh2 ,
yei
xh1 − xh2
(i = 1, 2), ye (e ∈ E − {e1, e2})
]]
whose quotient field is denoted by Ω1, and let I1 be the kernel of the natural surjection
A1 → R∆. Then from (A) and (B) as above and results in [21, Section 1], we will show
that the isomorphism (∗) descends to A1 ∼= A∆′ , where the variables are related as in




z − xh (if h 6∈ E∞),
1/z (if h ∈ E∞).
For z ∈ P1(Ω1) with ξh(z) ∈ I1 and h′ ∈ ±E − {h} with v−h′ = vh, by the calculation
in the proof of [21, Lemma 1.2], one can see that ξh′(φh′(z)) ∈ I1. Hence for γ ∈ Γ∆
with reduced expression φh(1) · · ·φh(l), if we take h ∈ ±E − {−h(l)} with vh = v−h(l)
and z ∈ P1(Ω1) with ξh(z) ∈ I1, then by [21, Lemma 1.2], the attractive fixed point
a of γ is given by limn→∞ γ
n(z), and hence ξh(1)(a) ∈ I1. For each v ∈ V , fix a path
ρv in ∆ from the base point vb to v. By the assumption on v0, one can take distinct
oriented edges h3, h4 ∈ ±E − {h1, h2} with terminal vertex v0, and ρi ∈ π1(∆, v0)




−1 · ρ∗i · ρ∗v0 satisfy that [a1, a3; a2, a4] ∈ (xh1 − xh2) · (A1)×. Furthermore, by







4] ∈ s0 · (A(∆′,τ ′))×, and hence from (B), we have the comparison
of xh1 − xh2 and s0. Since h1 is not a loop by the assumption, the comparison of
y1/(xh1 − xh2) and s1 follows from applying (B) to γi = (ρ∗v0)−1 · ρ∗i · ρ∗v0 (1 ≤ i ≤ 4),




ρ1 = · · · h2,
ρ2 = · · · h3,
ρ3 = · · · h5 · h1,
ρ4 = · · · h6 · h1,
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for distinct oriented edges h5, h6 with terminal vertex v−h1 . Similarly, we have the
comparison of y2/(xh1 − xh2) (resp. ye (e ∈ E − {loops})) and s2 (resp. se), and
further if e ∈ E is a loop, then the comparison of ye and se follows from applying (A)
to γ = (ρ∗ve)







(i = 1, 2),
ye
se
(e ∈ E − {e1, e2}) ∈ (A∆′)× .
One can show the assertion in the case that h1 = −h2 similarly. 
3.2. Construction of the universal Mumford curve
For nonnegative integers g, n such that 2g− 2+n > 0, denote by Mg,n the moduli
stack over Z of stable n-pointed curves of genus g, and by Mg,n its substack classifying
n-pointed proper smooth curves of genus g [10, 28, 29]. Then by definition, there exits
the universal stable curve Cg,n over Mg,n.
Theorem 3.2. Let Dg,n be the closed substack of Mg,n consisting of n-pointed
degenerate curves of genus g, and denote by Ng,n the formal completion of Mg,n along
Dg,n. Then there exists an algebraization N algg,n of Ng,n, namely N algg,n is a scheme
containing Dg,n as its closed subset such that Ng,n is the formal completion of N algg,n
along Dg,n, and the fiber of Cg,n over Ng,n gives a universal family of generalized Tate
curves.
Proof. Let ∆ = (V,E, T ) be a stable graph of (g, n)-type, and take a system of
coordinates on Pv = P
1
R∆
(v ∈ V ) such that xh = ∞ (h ∈ E∞) and that {0, 1} ⊂ Pv
is contained in the set of points given by xh (h ∈ E with vh = v). Under this system
of coordinates, one has the generalized Tate curve C∆ whose closed fiber C∆ ⊗A∆ R∆




∣∣ ph 6= ph′ (h 6= h′, vh = vh′)
}
defined as pe 6= p−e (e ∈ E). Therefore, by taking another system of coordinates and
comparing the associated generalized Tate curves with the original C∆ as in Theorem
3.1, C∆ can be extended over the algebraization of the formal completion of S in Mg,n.
Furthermore, by Theorem 3.1, one can glue generalized Tate curves C∆ over Ng,n for
various stable graphs ∆ of (g, n)-type, and hence the assertion follows. 
Definition 3.3. We call this family of generalized Tate curves the n-pointed universal
Mumford curve of genus g.
Theorem 3.4.
(1) For a complete nonarchimedean valuation field K, denote by Mang,n/K the K-
analytic space associated with Mg,n. Then its K-analytic subspace associated with
N algg,n −Dg,n consists of all n-pointed Mumford curves over K of genus g.
(2) Denote by Mang,n the complex analytic space associated with Mg,n. Then Mang,n
is obtained from its subspace associated with N algg,n −Dg,n by analytic extension.
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Proof. The assertion (1) follows from Theorem 3.2 and the universality of generalized
Tate curves reviewed in 2.2 (P2). The assertion (2) follows from the result of Koebe
reviewed in 2.1. 
4. Universal differentials and periods
4.1. Universal differentials on a generalized Tate curve
Let ∆ = (V,E, T ) be a stable graph, and the notation be as in 2.2.
Proposition 4.1. Let φ be a product φh(1) · · ·φh(l) with v−h(i) = vh(i+1) (1 ≤ i ≤
l − 1) which is reduced in the sense that h(i) 6= −h(i + 1) (1 ≤ i ≤ l − 1), and put
yφ = yh(1) · · · yh(l).









[[ye (e ∈ E)]]
)
.
(2) If a ∈ A∆ satisfies a − x−h(l) ∈ A×∆, then φ(a) − xh(1) ∈ I. Furthermore, if












[[ye (e ∈ E)]]
)
.





















aφ, bφ, cφ and dφ are elements of A∆ whose constant terms are xh(1)t, −xh(1)x−h(l)t, t












Then cφz + dφ = t(z − x−h(l)) + · · ·, and hence







[[ye (e ∈ E)]].
In order to prove (1), we may assume that l = 1, and then φ(z) = xh(1) under yh(1) = 0.
















and the above calculation. 
For a stable graph ∆ = (V,E, T ), we define universal differentials on a generalized
Tate curve C∆. Let Γ∆ = Im (π1(∆, vb) → PGL2(B∆)) be the universal Schottky
group as above. Then it is shown in [21, Lemma 1.3] that each γ ∈ Γ∆ − {1} has
its attractive (resp. repulsive) fixed points α (resp. α′) in P1B∆ and its multiplier
β ∈∑e∈E A∆ · ye which satisfy
γ(z)− α
z − α = β
γ(z)− α′
z − α′ .
Fix a set {γ1, ..., γg} of generators of Γ∆, and for each γi, denote by αi (resp. α−i)
its attractive (resp. repulsive) fixed points, and by βi its multiplier. Then under the
assumption that there is no element of ±E ∩ E∞ with terminal vertex vb, for each












{h ∈ ±E ∩ E∞ | vh = vb} = ∅, {t ∈ T | vt = vb} 6= ∅.
Then for each t ∈ T with vt = vb and k > 1, we define the associated universal












γ(z)k−2dγ(z) (xt = ∞).
Furthermore, put T∞ = {t ∈ T ∩ E∞ | vt = vb} whose cardinality is 0 or 1, and take a
maximal subtree T∆ of ∆, and for each t ∈ T , take the unique path ρt = h(1) · · · h(l)
in T∆ from vt to vb, and put φt = φh(l) · · ·φh(1). Then for each t1, t2 ∈ T with t1 6= t2,











where φti(xti) = ∞ if ti ∈ T∞.
Theorem 4.2.
(1) For each 1 ≤ i ≤ g, ωi is a regular differential on C∆ ⊗A∆ B∆ (cf. [31, §3)]).
(2) For each t ∈ T with vt = vb and k > 1, ωt,k is a meromorphic differential on
C∆ ⊗A∆ B∆ which has only pole (of order k) at the point pt corresponding to t.
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(3) For each t1, t2 ∈ T such that t1 6= t2, ωt1,t2 is a meromorphic differential on
C∆ ⊗A∆ B∆ which has only (simple) poles at the points pt1 (resp. pt2) corresponding
to t1 (resp t2) with residue 1 (resp. −1).
(4) Take xh (h ∈ ±E ∪ T ) and ye (e ∈ E) be complex numbers as in 2.2 (P4).
Then ωi, ωt,k, ωt1,t2 are abelian differentials on the Riemann surface RΓ, where Γ is the
Schottky group obtained from Γ∆.






































Therefore, by the construction of C∆ reviewed in 2.2, ωi give rise to differentials on
C∆ which are regular outside
⋃
e∈E{ye = 0}, and hence the assertions (1) follows.
One can prove (2)–(3) similarly, and we prove (4). As is stated in 2.1, RΓ is given by
the quotient space ΩΓ/Γ. Under the assumption on complex numbers xh and ye, it
is shown in [41] that
∑
γ∈Γ |γ′(z)| is uniformly convergent on any compact subset in
ΩΓ − ∪γ∈Γγ(∞), and hence the assertion holds for ωt,k. If a ∈ ΩΓ − ∪γ∈Γγ(∞), then
limn→∞ γ
±n




























z − (γγni )(a)
− 1




Therefore, ωi is absolutely and uniformly convergent on any compact subset in ΩΓ,
and hence is an abelian differential on ΩΓ/Γ. 
4.2. Stability of universal differentials
For a vertex v ∈ V , denote by Cv the corresponding irreducible component of
C∆ ⊗A∆ R∆. Then Pv = P1R∆ is the normalization of Cv.
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Theorem 4.3.
(1) For each 1 ≤ i ≤ g, let φhi(1) · · ·φhi(li) (hi(j) ∈ ±E) be the unique reduced
product such that v−hi(j) = vhi(j+1) and hi(1) 6= −hi(li) which is conjugate to γi. Then
















(2) For each v ∈ V , (ωt,k|Cv )∗ is given by
dz
(z − xt)k
if v = vt, and is 0 otherwise.
(3) Denote by ρtj = hj(1) · · · hj(lj) the unique path from vtj (tj ∈ T ) to vb in T∆.













where h, k runs through {t1, h1(1), ..., h1(l1),−t2,−h2(1), ...,−h2(l2)}.
Proof. For the proof of (1), we may assume that γi = φhi(1) · · · φhi(li). Let γ be an













if j ∈ {1, ..., li} (hi(j − 1) := hi(li) when j = 1), v(hi(j)) = v, φhi(j)φhi(j+1) · · ·φhi(li)
belongs to γ〈γi〉, and becomes 0 otherwise. Therefore, the assertion follows from the
definition of ωi.
The assertion (2) follows from Proposition 4.1 (1) and (3), and the assertion (3)
can be shown in the same way as above. 
Remark 4.4. For a subset E′ of the set E of edges in the stable graph ∆, let ∆′ =
(V ′, E′, T ′) be the associated graph obtained from ∆, and denote by C∆′ the stable
curve given by putting ye = 0 (e ∈ E′). We regard C∆ as a family of Schottky
uniformized Riemann surfaces as in 2.2 (P4), and let ce be a cycle corresponding to
e ∈ E − E′ which is oriented by the right-hand rule for γi. Then the restriction of ωi
to an irreducible component of C∆′ is characterized analytically such that its integral
along ce is 2π
√
−1 if e = |hi(k)| for some integer 1 ≤ k ≤ li, and is 0 otherwise.
Therefore, Theorem 4.3 (1) can be extended for this family degenerating as ye → 0
(e ∈ E′). Since Schottky uniformized Riemann surfaces make a nonempty open subset
in the moduli space of Riemann surfaces, by the theorem of identity in the function
theory of several variables, the extended version of Theorem 4.3 (1) also holds for
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families of general Riemann surfaces. This modification gives a more explicit formula
than [19, Corollary 4.6].
A (regular or meromorphic) global section of the dualizing sheaf on a stable curve
is called a stable differential (cf. [10]).
Theorem 4.5.
(1) For each 1 ≤ i ≤ g, ωi is a regular stable differential on C∆. Furthermore,





(2) For each t ∈ T with vt = vb and k > 1, ωt,k is a meromorphic stable differential
on C∆ which has only pole (of order k) at the point pt corresponding to t.
(3) For each t1, t2 ∈ T with t1 6= t2, ωt1,t2 is a meromorphic stable differential on
C∆ which has only (simple) poles at the points pt1 (resp. pt2) corresponding to t1 (resp
t2) with residue 1 (resp. −1).
Proof. We only show that the latter assertion in (1) since the remains follow from
Theorems 3.1 and 3.2. For each i, take the product φhi(1) · · ·φhi(li) of φh (h ∈ ±E)
as in Theorem 4.3 (1). Then by this theorem, ωi|Cvhi(1) has simple pole at xhi(1) with




since {γi} is a basis
of H1(∆,Z) ∼= Γ∆/ [Γ∆,Γ∆]. 
4.3. Periods and Gauss-Manin connection
Definition 4.6. The formal Schottky space Sg,n is defined as the covering space of
N algg,n − Dg,n which classifies generators of uniformizing groups associated with points
on N algg,n − Dg,n. Then by Theorem 3.2, there exists the universal Mumford curve
π : Cg,n → Sg,n with generators of the uniformizing group.
We describe the sheaf




on Sg,n of the first relative de Rham cohomology groups, and the associated period
map, where Cg denotes Cg,n without marked points. Denote by ∆0 the stable graph of
(g, n)-type consisting of one vertex and g loops, and fix generators ρ1, ..., ρg of π1(∆0).
Then {ρi}1≤i≤g gives a system of basis of H1(∆,Z) for stable graphs ∆ = (V,E, T )
of (g, n)-type which is compatible with contraction of nonloop edges in E, and hence
there exist generators γi (1 ≤ i ≤ g) of Γ∆ corresponding to ρi. Therefore, by Theorem
3.2, the associated universal differentials ωi (resp. ωt,k (t ∈ T, k > 1)) of the first (resp.
second) kind are glued to differentials on Cg/Sg,n of the first (resp. second) kind which
we denote by the same symbols.
Theorem 4.7.







(2) The Jacobian of Cg/Sg,n becomes the Mumford abelian scheme [34] whose mul-
tiplicative periods on Spec(A∆) is given in [21, 3.10] as Pij =
∏
γ ψij(γ) (1 ≤ i, j ≤ g),





βi (i = j, γ ∈ 〈γi〉),
(αi − γ(αj)(αi − γ(αj)
(αi − γ(αj)(αi − γ(αj)
(otherwise).
Proof. The assertion (1) follows from Theorem 3.2 by gluing ωi on C∆ given in Theorem
4.5 (1), and the assertion (2) follows from Theorem 3.2 by gluing the Jacobians of C∆
given in [21, Theorem 3.13]. 
Theorem 4.8. Assume that n > 0. Then there exists a subsheaf H0,1 of
H1dR (Cg/(Sg,n ⊗Q))
with basis {ηj}1≤j≤g which satisfies the following:
(1) We have a direct sum decomposition





(2) The Gauss-Manin connection





ηj ⊗ (dPij/Pij), ∇(ηi) = 0 (1 ≤ i ≤ g).
(3) The decomposition in (1) gives the Hodge decomposition under regarding Cg/Sg,n
as a family of Riemann surfaces.
Proof. We regard Cg as the universal family of Mumford curves over Sg,n⊗Q. Then as
is shown in [11, Proposition 2.5], relative differentials of the second kind with vanishing
annular residues modulo exact differentials on Cg/(Sg,n ⊗ Q) gives a subsheaf H0,1 of
H1dR (Cg/(Sg,n ⊗Q)) which is locally free of rank g and satisfies (1).
As is stated in 2.2 (P4), Cg gives a family of Riemann surfaces of genus g, and
hence by the algebraicity of the Gauss-Manin connection ∇, there exist sections ηj
(1 ≤ j ≤ g) of H0,1 determined by the condition that
∫
γi
ηj is the Kronecker delta
δij , and by Theorem 4.7, {ηj}j satisfies (2). By Proposition 4.1, for the universal
differentials ωt,k (t ∈ T, k > 1) of the second kind,
∫
γi
ωt,k are expressed as elements
of Sg,n ⊗ Q, and hence ωt,k are linear sums of ηj in H0,1. Furthermore, by Theorems
4.3 (2) and 4.5 (2), ωt,k have vanishing annular residues which implies that H0,1 is
spanned by {ωt,k}t,k, and hence by {ηj}j . Therefore, the assertion (3) also holds. 
13
We give a local explicit formula of the above ηj on Spec (A∆0 ⊗Q), where ∆0 be
the above stable graph consisting of one vertex.
Theorem 4.9. Assume that n > 0, and take an tail t0 of ∆0. Then each ηj ∈ H0,1
defined in Theorem 4.8 is a linear sum of ωt0,k (2 ≤ k ≤ g + 1) over A∆0 ⊗Q.
Proof. We may assume t0 6∈ E∞. Then by Proposition 4.1,
∫
γi
ωt0,k (k > 1) is expressed







(−k + 1)(αi − xt0)k−1
.






is an invertible element of A∆0 ⊗ Q. By assumption, αi − αj ∈ A×∆0 for i 6= j, and















(αi − xt0)(αj − xt0)
belongs to A×∆0 . Therefore, Ω becomes an invertible element of A∆0 ⊗Q. 
5. Universal unipotent periods
5.1. Unipotent periods of Riemann surfaces
Fix nonnegative integers g, n such that 2g−2+n > 0. Let R◦ be a (not necessarily
compact) Riemann surface obtained from a compact Riemann surface R of genus g
by removing n points. Then the category of unipotent local systems over C on R◦
is equivalent to that of vector bundles with nilpotent flat connection on R which
have regular singularities at R − R◦ with nilpotent residues (cf. [8]). We consider
the tannakian category of unipotent local systems over Q on R◦ with fiber functor
obtained from taking the fiber over a (tangential) point x ∈ R◦. Then its tannakian
fundamental group πBe1 (R
◦, x) is a profinite algebraic group over Q, and there exists




For a subfield K of C, let C◦ be a smooth curve obtained from a proper smooth
curve C of genus g over K by removing n rational points over K. We consider the
tannakian category of vector bundles with nilpotent flat connection over K on C which
have regular singularities at C−C◦ with nilpotent residues with fiber functor obtained
from taking the fiber over a K-rational (tangential) point x ∈ C◦. Then its tannakian
fundamental group πdR1 (C
◦, x) is a profinite algebraic group over K, and by the above
categorical equivalence, there exists a canonical isomorphism
πdR1 (C
◦, x)⊗K C ∼= πBe1 ((C◦)an, x)⊗Q C,
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where (C◦)an denotes the Riemann surface associated with C◦. We call this isomor-
phism the unipotent period isomophism which is described by monodromy representa-
tions of πBe1 ((C
◦)an, x) .
5.2. KZB connection on the Tate curve
A KZ connection is defined on P1 is defined as a trivial bundle with flat connection
which has regular singularities along pi ∈ P1 with residue Xi (1 ≤ i ≤ m), where Xi are
symbols satisfying
∑m
i=1Xi = 0. We review some results of Calaque-Enriquez-Etingof
[5], Hain [18] and Luo [30] on the (universal) elliptic KZB equation following the
formulation of [18]. Let q be a variable, and denote by Eq = Gm/〈q〉 the Tate (elliptic)
curve over Z[[q]]. Then its closed fiber E0 = Eq|q=0 minus the identity 1 is identified
with P1 −{0, 1,∞}. Denote by Q 〈〈T,A〉〉 of noncommutative formal power series over
Q of the symbols T,A. Then under taking {T, S} as a de Rham framing of the first
cohomology group of Eq, Hain [18] constructs a vector bundle with flat connection,
called the elliptic KZ equation, on Eq whose fibers are identified with Q 〈〈T,A〉〉 such
that the associated flat connection has regular singularity at 1 with residue [T,A].







on P1 − {0, 1,∞} by composing with the homomorphism













where f(T,A) · x = f (adT , adA) (x) for f(T,A) ∈ Q 〈〈T,A〉〉.
5.3. KZB connection on a generalized Tate curve
Let ∆0 = (V,E, T ) be a stable graph with orientation of (g, n)-type which consists
of g+1 vertices v0, v1, ..., vg, g (nonloop) edges e1, ..., eg and g loops l1, ..., lg such that
vei = v0, vli = v−ei = vi (1 ≤ i ≤ g). Consider the ring
A∆0 = Q 〈〈Xt, Tli , Ali〉〉
of noncommutative formal power series over Q of the symbols Xt (t ∈ T ) and Tli , Ali






[Tli , Ali ] = 0.
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and Xei = −X−ei = − [Tli , Ali ]. Then for each vertex v ∈ V , the sum of Xh for
h ∈ ±E ∪ T with vh = v is equal to 0.
Theorem 5.1. There exists a vector bundle with flat connection (V∆0 ,F∆0) on C∆0
which is constructed by gluing the KZ connection on Pv = P
1 with regular singular-
ities along xh with residue Xh (h ∈ ±E ∪ T such that vh = v0), and the elliptic KZ
equations on the Tate curves associated with l1, ..., lg .
Proof. Denote by (Vv0 ,Fv0) the vector bundle with flat connection on Pv0 , where Vv0
is the trivial bundle with fiber A∆0 , and Fv0 has regular singularity along xh with
residue Xh for h ∈ ±E∪T such that vh = v0. As reviewed in 5.2, for each li ∈ E, there
exists the elliptic KZ equation (Vli ,Fli) on the Tate elliptic curve Eqli = Gm/〈qli〉 over
Z[[qli ]], where fibers of Vli are identified with Q 〈〈Tli , Ali〉〉 →֒ A∆0 .
For each ei ∈ E, let ξei (resp. ξ−ei) be (formal) local coordinates centered at
xei ∈ Pv0 = P1 (resp. the identity in Eqli ) over Z. Then the generalized Tate curve




defined by ξei · ξ−ei = yei , where yei are






(h, h′ ∈ {e1, ..., eg} ∪ T with h 6= h′)
]







, by gluing (Vv0 ,Fv0) and (Vli ,Fli) (1 ≤ i ≤ g), we obtain




where I is the ideal of A∆0 generated by qli , yei (1 ≤ i ≤ g). Then by Grothendieck’s
existence theorem, there exists the associated vector bundle with flat connection on
C∆0 . 
5.4. Unipotent periods of the universal Mumford curve
For each stable graph graph ∆ = (V,E, T ) with orientation, we attach symbols X∆h
(h ∈ ±E ∪ T ) by the following rules:
• If ∆ = ∆0, then X
∆
h = Xh.
• For any v ∈ V , the sum of X∆h (h ∈ ±E ∪ T with vh = v) is 0.









h (h 6= h1, h2)
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if h1 6= −h2, and
X∆h = X
∆′
h (h 6= h0)
if h1 = −h2.
Theorem 5.2. The vector bundle with flat connection (V∆0 ,F∆0) on C∆0 can be
analytically continued to a vector bundle with flat connection on the universal Mumford
curve which is called the universal connection. This restriction to the closed fiber of
C∆ for a stable graph ∆ = (V,E, T ) gives the KZ connection on Pv (v ∈ V ) having
regular singularities along xh with residue X
∆
h for h ∈ ±E ∪ T such that vh = v.







= 0, and hence the KZ connection on Pv0 is obtained from the KZ







by gluing xh0 ∈ Pvh0 and x−h0 ∈ Pv−h0 . Therefore, by Theorem 3.1, X
∆




′ ∈ ±E′ ∪ T ′) satisfy the above rules. 
Theorem 5.3. For a stable graph ∆ = (V,E, T ), let R◦ be a Riemann surface
obtained from C◦∆ = C∆−{xt | t ∈ T} as in 2.2 (P4). Then πdR1 (R◦) is identified with
the group GdR∆ of grouplike elements of C
〈〈
X∆h (h ∈ ±E ∪ T )
〉〉
.
Proof. From Theorem 5.2, one can see that there exists a canonical surjective homo-
morphism πdR1 (R
◦) ։ GdR∆ which becomes an isomorphism since π
dR
1 (R
◦) ∼= πBe1 (R◦)
is isomorphic to GdR∆ by the van-Kampen theorem. 





of the monodromy of the universal connection for families of Riemann sur-
faces R◦ obtained from C◦∆. These are multi-valued holomorphic functions on a com-
plex analytic space associated with Spec (B∆), where ye 6= 0 (e ∈ E) are taken as
sufficiently small complex numbers.
5.5. Limit unipotent periods
Theorem 5.5. Assume that ∆ = (V,E, T ) is a trivalent graph, and take an element
t0 ∈ T . Then the limits of unipotent periods of C∆ for the Z-rational base point starting
at xt0 are Q-linear sums of powers of π
√
−1 and multiple zeta values.
Proof. Since the closed fiber of C∆ is a union of P
1’s by identifying their marked
points 0, 1,∞, the limits of unipotent periods of C∆ are expressed as products of the
monodromy representations of the KZ connections on P1 with regular singularities
along 0, 1,∞. These representations for the associated tangential base points over Z
are π
√
−1 for half rotations, and multiple zeta values for real lines in P1 − {0, 1,∞}.
Then the assertion follows from that products of multiple zeta values are expressed as
Q-linear sums of multiple zeta values. 
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